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Introduction 
This paper treats the problem of predicting the probable distri-
bution of excess temperature resulting from the discharge of a heated 
effluent into a tidal estuary. Here excess temperature means the dif-
ference between the temperature which would prevail under conditions 
of a heated discharge and the temperature which would prevail under 
"natui'al" conditions. It is believed that the techniques described 
here will have general application; however, this paper treats the 
specific case of the heated effluent from the PEPCO Chalk Point Power 
Plant on the Patuxent estuary in Maryland, which should serve to illus-
trate the basic concepts. 
The PEPCO Chalk Point Power Plant is a conventional plant using 
fossil fuel. The procedure described here may be of considerable value 
in assessing the environmental effects of a nuclear power plant located 
on an est\iarine body of water, since, with existing technology, the 
required heat dissipation per kilowatt of produced power is signifi-
cantly greater for a nuclear-powered electric plant than for modern, 
highly efficient conventional electric plants. In several nuclear 
plants now under consideration it appears that the heated discharge 
may be of more concern from the standpoint of possible environmental 
effects than the release of low-level radioactivity. 
Fig- 1 shows the Patuxent tidal estuary in the vicinity of Chalk 
Point. A power plant is being placed into operation at Chalk Point. It 
is the plan ultimately to install four 350 MW generators at this site. 
Initially, however, the plant is to go into operation with a single 
350 MW unit, and it is for this initial condition that our computations 
are made, 
Cooling water for the condensers is to be drawn from the south 
side of Chalk Point near the entrance to Swanson Creek, After passing 
through the condenser, the cooling water flows through a canal con-
structed parallel to the estuary and extending northward for a distance 
of approximately 7,000 ft. A pair of jetties extending a short dis-
tance into the estuary directs the discharge into the waterway at a 
point approximately opposite Potts Point. The canal is approximately 
10 ft deep and 100 ft wide. The insert in Fig. 1 shows somewhat 
schematically the general features of the intake-outlet arrangement in 
respect to the adjacent estuary. A diked-in landfill has been built 
out into the estuary adjacent to the plant site in an attempt to de-
flect warm discharge water from the intake structure. 
Our approach to the problem of prediction of the probable ex-
cess temperature distribution resulting from the heated discharge in-
volves 1) evaluation of the physical processes of movement and dis-
persion of the effluent in the estuary through the use of a tracer 
fluorescent dye to simulate the effluent, and 2) correction of the 
conservative distribution obtained from the tracer experiments for 
the nonconservative processes of boundary cooling. The next section of 
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presentation of the theoretical basis for the correction of the observed 
distribution of tracer dye to take into account the nonconservative 
processes of heat loss at the surface. 
Field Study of Dispersion 
The use of rhodamine dyes to study the processes of movement 
and turbulent diffusion in an estuary has been discussed by Pritchard 
and Carpenter (1960)*. In the present case, it was not possible for 
us to Introduce the tracer dye in the same manner that the excess heat 
will be introduced into the estuary, in that the volume rate of flow 
of the dye solution is very small compared to the volume rate of flow 
of the actual heated effluent. Both theory and experience show that 
the volume rate of discharge of a contaminant is important only close 
to the point of discharge. For distances further removed from the dis-
charge point the distribution of contaminant concentration will be in-
dependent of the volvime in which the contaminant was distributed prior 
to discharge. 
In order to minimize the distance over which the distribution 
of dye concentration is not representative of the probable distribution 
of excess heat, the dye was introduced in a manner designed to provide 
for initial mechanical mixing over a line source in the estuary having 
a length approximately equal to the Initial width of the effluent plume 
at discharge. Six poles were driven into the bottom at 20-ft intervals 
* Pritchard, D.W, and J.H. Carpenter (1960) Measurements of turbulent 
diffusion in estuarine and inshore waters: Bull, Internat. Assoc. Sci. 
Hydrol. No. 20, 37-50. 
'i].o:u; a linn nninlnf: from the wc:5tern oJr,o of tlie channel toward tlm 
western shore, at a point approximately opposite the proposed terminus 
of the c-anal from which tlie heated effluent will be discharged. Verti-
cal diffusers designed to discharge dye solution uniformly over the 
aep*h from surface to bottom were mounted on each pole, and polyethyl-
ene hoses were run from the poles to a nearby anchored vessel, A ̂ 0^ 
rhodamine B dye solution, made up to have a specific gravity of 1.03, 
was metered into a flow of 18 gal min which was pumped from the 
estuary waters alongside the vessel. This initial dilution of 1:2800 
of the dye solution provided for effective elimination of the slight 
density difference between the raw dye solution and the receiving wa-
ters. The mechanical dispersion afforded by the vertical diffusers 
further provided for initial complete vertical mixing of the intro-
duced tracer. 
The discharge from the pump, after mixing with the introduced 
dye, was divided into six equal effluent streams by use of a series of 
valved T-fittings. The flow in each of the six discharge lines was 
monitored by use of rotometer flow Indicators and maintained at con-
stant equal values by appropriate valve adjustments. 
The dyed discharge from each of the six diffusers was observed 
to extend down-current as a plume. These individual plumes soon be-
gan to merge, and at 1000 yd from the discharge the observed profile 
of dye concentration across the estuary did not show any consistent 
features attributable to the multi-source origin of the discharge. 
That is, at 1000 yd the discharge appeared to be an evenly distributed 
line source. 
The dye was released at a rate of 10 pounds of â y dye per day 
for a ten-day period from the 2nd through the 11th of October, 1963. 
The dye concentration was measured at cross sections located at 1000, 
2000, 3000, 1+000, 6000, 8000, 10,000, and 12,000 yd upstream and down-
stream from the discharge point. The locations of these sections are 
shown on Fig. 1. The downstream sections were occupied during ebb 
tide and the upstream sections during flood tide. Data obtained at 
the 10,000 and 12,000 yd sections were insufficient to utilize in 
the evaluation below, although they did indicate that the temperature 
increase due to the heated discharge would be quite small at points 
that far removed from the outfall. 
Theoretical Considerations 
The methods developed here for the forecast of temperature 
distribution are based upon the following concepts: 
1) The effects of the physical processes of movement and dispersion of 
the added heat from a given parcel of the effluent may be linearly com-
bined with the heat loss across the surface of the parcel due to radi-
ation, evaporation, and conduction, to give the net overall horizontal 
distribution of heat. 
2) The observed horizontal distribution of the tracer fluorescent dye, 
taking into account the appropriate factors for discharge rate and 
depth of vertical spread, may be used to determine the probable distri-
bution of heat under conditions of no boundary heat loss. 
3) The Incremental increase in heat flux across the surface boundary 
due to radiation, evaporation, and conduction may be approximated as 
a linear function of the difference between the temperature under con-
ditions of the heated discharge and the temperature under "natural" 
conditions. 
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r, (t) = concentration of excess heat at a given point in the 
h,o ^ 
estuary at a time t_ after initiation of a continuous 
discharge, under conditions of no loss of heat by 
cooling 
r = steady state concentration of excess heat at a given h,o,oo 
point in the estuary resulting from a continuous 
discharge for an infinite time, under conditions of 
no heat loss by cooling 
r (t) = concentration of dye at a given point in the estuary 
d 
at a time t_ after initiation of a continuous discharge 
r, = steady state concentration of dye at a given point in 
d," 
the estuary resulting from a continuous discharge 
for an infinite time 
Q = rate of discharge of dye 
% 
= rate of discharge of heat 
D = vertical extent of dye distribution 
d 
8 
D̂  = vertical extent of excess heat distribution. 
Now, if we further desin;nate: 
rĵ ("t) = concentration of heat at a given point in the estuary 
at a time t_ after initiation of a continuous dis-
charge, taking into account heat loss by cooling 
^ h <M ~ steady state concentration of heat at a given 
point in the estuary resulting from a continuous 
discharge for an infinite time, taking into account 
heat loss by cooling 
then we may write: 
w j 
5̂) v = / 
Sr,(t) 
0 
Under the assumption that the excess heat flux across the sur-
face resulting from evaporation, radiation, and conduction can be ap-
proximated by a linear function of the excess temperature (i.e., tem-
perature under conditions of heated discharge minus the temperature 
under "natural" conditions), it is shown in th. appendix to this paper 
that 
Where . is a rate coefficient, the value of which depends on wind 
velocity, temperature of the heated effluent, and the "natural", or 
unheated, temperature of the receiving waters Vr. 
ife wafers. Por normal summertime 
conditions 7 is equal to approximately 0,1 (±0,05) ft hr~^ 
From equation (l). 
(5) ^ , , o ( * ) - ? ; - r - V * ) 
d h 
and substituting equations (4) and (5) into (3) gives 
Hl.iv^)}-^"'^'^-" 
The dye concentration at a given point in the estuary will of 
course vary over the tidal cycle, reaching maximimi values at points 
downstream from the discharge point at or soon after the time of peak 
ebb flow, and reaching maximimi values at points upstream from the dis-
charge point at or soon after the time of peak flood. In Fig, 2 the 
peak concentration observed across the section 3000 yd downstream from 
the discharge point is plotted as a function of time during ebb tide, 
on the 15th tidal period after initiation of release. During the first 
portion of the ebb period relatively constant low concentrations are 
observed. Just after maximum ebb flow the concentration begins to in-
crease rapidly, reaching a maximum value about one hour after peak ebb 
flow. This first maximum is associated with the arrival of the pool 
of dye which accumulates around the discharge point during the period 
of slack water. The relative intensity of this first maximimi should 
be reduced under conditions of the large volume rate of effluent dis-
charge characteristic of actual plant operation. After this maximum, 
the concentration decreases slightly with time, and then rises to a 
relatively flat second maximum. This short plateau in the concentra-
tion time plot over a tidal cycle represents, to a first approximation. 
10 
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the concentration which would have occurr'ed had the flow been constant 
in the ebb direction over the period of discharge, rather than oscil-
lating with tidal period. 
In the following treatment we will be concerned with the con-
centration at this second maximuin in the concentration-time plot over 
a tidal cycle, since we consider that this concentration is more repre-
sentative of the conditions which will prevail for the actual heated 
discharge than is the first, somewhat higher maximum. As pointed out 
above, the first maximimi is associated with a pool of tracer which ac-
cumulates around the discharge at slack water. If the tracer dye had 
been discharged in a volume rate of flow equal to that which will pre-
vail under actual plant operations, the flow produced by such a dis-
charge would lead to a smoothing out of the first maximum so that it 
would merge with the second maximum producing a period of about two 
hours during each tidal cycle when a relatively flat plateau of maxi-
mum concentrations would occur-
The concentration at the time of the second maxim-um is desig-
nated as the characteristic tracer concentration. On the basis of re-
peated sampling over portions of a tidal cycle, the time of the charac-
teristic concentration relative to the time of maximum current was 
determined for each section. During the course of the experiment re-
peated crossings of each section upstream and downstream from the re-
lease point were made for a period of approximately one hour about the 
time of the characteristic concentration. The individual records of 
dye concentration versus distance across the section generally showed 
a maximirm value at some point in the section with decreasing concentra-
12 
tlons toward each shore. The position of the maximum and the concentra-
tion at the maximum varied slightly as the larger-scale eddies in the 
flow pattern caused the plume of tracer to meander; however, the maxi-
mum was almost always found in the same general area of the cross-sec-
tion. Ihe records from the several crossings of section near the time 
of the characteristic concentration were averaged in the following 
way: (a) the average position of the peak concentration in the section 
was found, and each curve of dye concentration vs. distance across the 
section was displaced so that all peaks coincided at this average posi-
tion; (b) the displaced curves were then averaged to produce a smoothed 
curve of concentration vs. distance across the section. This method of 
smoothing retains the characteristic shape of the concentration distri-
bution across the section while removing transient irregularities of 
short time period. 
V/hen the characteristic concentration thus determined for each 
section, for each day during the period of discharge, is plotted a-
galnst time, the characteristic concentration is seen to approach a 
nearly constant value, representing the steady state concentration, In 
approximate accordance to an exponential relationship. Fig. 3 shows 
such a plot for data observed at the section 1+000 yd downstream from 
the discharge point. Thus r^(t) approaches D ^ asymptotically with 
time according to the relationship 
(7) r,(t) =r, (1 - e"̂ *) 
d̂  ' d,~ ^ ' 
where T] is a rate constant which is determined by the best fit of the 
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T) = 1.0 day" , and this value was found to be fairly representative fô ^ 
all sections. From equation (7), w-e have 
which, when substituted in equation (6), gives 
^̂ ^ 'h," Q D J d,oo 1 
U Xi Q 
The Integration can now be carried out to give 
Equation (lO) allows us to compute the probable distribution of 
hekt (r, ) from the observed distribution of dye (P, ). The rate of 
\ h," "̂  ^ d," 
discharge of heat, a , is equal to the rate of heat dissipation at the 
condensers, since the heat loss during transit of the canal is relatively 
unimportant. To see that this is so, consider equation (A-ll) given 
in the appendix: 
e =. e e-^"/° 
T O 
where 9 is the initial excess temperature of a volume of heated water; 
9 is the excess temperature after time ^; D is the depth over which 
the excess heat is distributed; and 7 is a rate coefficient equal to 
approximately 0.1 ft hr for normal s\;mimer conditions. Under conditions 
of maximum discharge, the flow rate in the canal will be about 1 ft sec" , 
and hence a parcel of water passing from the condensers would take about 
2 hr to travel along the 7000-ft length of the canal. The depth of the 
canal is about 10 ft. Using the values in the above equation we have 
15 
^ -0,1(2/10) „ -0,02 r. , a n 
9 = 9 e ^ ' ' = e e = 0.')8 9 
T O O • O 
Thus the excess temperature at discharge from the end of the canal will 
still be 9Qŷ  of the excess temperature at the condensers. 
According to infoimation supplied by PEPCO, the heat dissipa-
tion at tlie condensers will be app'-(.iximately '+.3 x 10 BTU per hr per 
megawatt of produced power, or for the first \init of 350 MW, a = 
1.5 X 10^ BTU hr~̂ " = ^o x 10 ' BTU day""'". 
The rate of discharge of dye in this experiment was 10 pounds 
day" . The concentration of dye, P ^, is given in ppb, i.e., in 
_Q _1 
10 pounds pound . Now, one BTU is the amount of heat required to 
raise the temperature of one pound of water 1 degree F. Therefore, if 
we express the concentration of excess heat, P , in BTU pound , 
we have directly the excess temperature in degrees F. Thus 
r . 0 = 3^2Lio^ . io"9 r I — ^ ) 
^h,« 10 ^^ 'd," 1D^ + 7/n J 
or 
(11) 0 = 5.6 • r̂ „̂ { ^ - r ^ } 
where 9 is the excess temperature in degrees F and P^ ^ is the dye con-
centration expressed in ppb. 
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Computation of the Probable Distribution of Excess Tenmĝ ^̂ ^̂ p̂ 
The data available for the computation of the probable distri-
bution of excess temperature from the heated discharge from the Chalk 
Point plant consist of repeated records of the dye concentration across 
sections located at distances of 1000, 2000, 3000, 1+000, 6000, and 
8000 yd upstream and downstream from the discharge point. Except for 
runs taken for the purpose of establishing the features of the time 
variation in concentration during a tidal cycle, which in turn pro-
vided Information as to the time of the characteristic concentration 
relative to the time of slack water before the flood or ebb current, 
most of the records of dye concentration across a given section were 
made over a short time period about the time of the characteristic 
concentration. This time occurred during the flood tide for sections 
upstream from the discharge point, and during the ebb tide for sections 
downstream from the discharge point. In general, the interval between 
the times of current reversal and the time of the characteristic con-
centration increased with distance from the discharge point. 
For each section, the characteristic concentration was plotted 
against time as described earlier and as illustrated by Fig. 3. The 
plotted data were compared to the relationship 
and a best-fit value of n determined. For all sections it was found 
that a value of T] = 1.0 day "^ gave reasonable fits to the observed 
data. 
As described earlier, smoothed curves of the dye distribution 
17 
across oai-h section were determined from the several repeated crossings 
made near the time of the eharaetoi-Lnt le concentration for each day of the 
experiment for whicli sufficient data wei-e avalLable. The dye was dis-
charr,ed for the ten-day period 2 October through 11 Oetober, 1963. The 
plots of time vs. characteristic concentration indicated that steady state 
conditions were reached at each section by the 5th or 6th of October- Data 
collected after the bth of October then served for the determination of 
r, across each section, for use in equation (ll). 
As shown in the appendix, a reasonable value for 7 under summer-
time conditions is 0.1 ft hr or 2.1+ ft day , The ratio of 7 to T] in 
equation (ll) is then 
/ 2.1+ ft dav" „ ,, „, 
7/TI = '•-7— =2.1+ ft 
1.0 day " 
The dye was introduced uniformly from surface to bottom from six 
diffusers evenly spaced along a line 100 ft in length extending from the 
western edge of the channel toward the west shore of the Patuxent. As the 
dye spread over deeper water, the vertical mixing produced nearly uniform 
concentrations in the vertical. We have therefore taken the depth over 
which the dye was distributed, D , to be the mean volume depth of the es-
tuary. Though there was some variation in mean depth from section to sec-
tion, we have taken a constant value of 8.1+ ft for the 8000 yd downstream 
from the discharge point, and another constant value of 9.7 ft for the 
8000 yd upstream from the discharge point. 
The one most uncertain parameter in equation (ll) is the depth 
over which the heat will be distributed. This heated layer may be as 
shallow as 2 ft in some instances and as deep as the mean depth of the 
18 
estuary in other ins tances . We have chosen to evaluate equation ( l l ) 
for the three selected D^ values of 1+ f t , 6 f t , and 8 ft . Putting 
these various values in equation ( l l ) , we find: 
(12) (a) e F = 1+.75 r^ „ f°^ \ = ^ ^^' downstream 
(b) 9 F = 5.60 r for D^ = 6 f t , downstream 
(c) 0 F = 2.91 r ^ for D^ = 8 f t , downstream 
d,°° 
(d) 0 F = 5.1+7 r for D^ = ^ ft, upstream 
(e) 0 F = I+.I5 r, for D = 6 ft, upstream 
(f) 0 F = 3.38 r, for D, = 8 ft, upstream 
It is probable that D^ will in fact incr-ease with distance from 
the source. On the other hand, though our data were insufficient to 
reveal the trend, the rate constant T] is also likely to increase with 
distance from the source, and like changes in these two parameters as 
they occur in equation (ll) are somewhat compensating. Considering 
the possible ranges in the various parameters in equation (11), we 
have confidence in our computations to about ±30/o. 
Figs, k through 9 show the results of Our computations for the 
sections downstream from the release point, and Figs. 10 through 15 
show the results for sections upstream from the release point. In 
each of these figures the bottom profile across the section is shown 
in the upper part of the diagram. In the lower part of the diagram 
four curves are shown in each figure. One of the curves gives the 
concentration of dye as a function of distance across the section, 
with the scale in ppb entered on the left-hand vertical axis. The 
three other curves give the computed excess temperature for the three 
asstimed values of D^, that is, for D equal to 1+ ft, 6 ft, and 8 ft. 
1<) 
The excess tempei-atuve scale in degrees F is entered on the right-hand 
vert ical axis. 
T̂ ie excess temperature values computed for each section for the 
case of ri = 1+ ft were plotted on a horizontal chart of the estuary 
and contours of equal excess temperature drawn. Fig. l6 shows the 
horizontal distribution of the predicted excess temperature which we 
expect will occur downstream from the discharge point, and Fig. 17 is 
the corresponding distribution for the area upstream from the discharge. 
Fig. ID applies to a period of approximately two hours' duration after 
the time of maximum ebb current, and Fig. 17 applies to a period of 
approximately two hours' duration after maximum flood current. These 
excess temperature distributions are computed for the case of a single 
350 MW unit. To a first approximation, the excess temperature is 
directly proportional to the heat dissipated at the condensers, and 
hence to the total production of power- Therefore, in order to pre-
dict the probable excess temperature for the future installation of 
additional 350 MW units, the values given here should be multiplied 
by the number of such units on the line. 
No attempt has been made to extend our predictions into the 
area within 1000 yd from the discharge. Within this area the relatively 
large volume rate of discharge which will occur in the case of the 
actual plant effluent will probably influence the distribution of 
contaminant. Beyond 1000 yd or so, we consider that the only charac-
teristic of the source which remains important is the source strength, 
that is, the amount of contaminant introduced per unit time (i.e., 
pounds of dye day , or BTU day ). There is in fact ample evidence 
20 
from other studies that the initial volume containing the introduced 
contaminant is not an important factor in determining the concentration 
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Fig. -1+. Obsei-ved dye distribution and predicted distribution of excess 
temperature at section 1000 yd downstream from release point, under 
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Fig. 5- Observed dye distribution a,nd predicted distribution of excess 
temperature at section 2000 yd downstream from release point, under 
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Fig. 6. Observed dye distribution and predicted distribution of excess 
temperature at section 3000 yd downstream from release point, under 
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Fig. 7. Observed dye distribution and predicted distribution of excess 
temperature at section 1+000 yd downstream from release point, under 
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Fig. 8. Observed dye distribution and predicted distribution of excess 
temperature at neotion 6000 yd downstream from release point, under 
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Dd -- 8.4 FT 
Oh = 3.6X 10 'BTU/DAY 
Qrt - IO# /DAY 
s l = = ^ ^ . - -
- I 
—* 1 1 1 n 1 r 
1500 2000 500 1000 
YARDS 
Fig. 9- Observed dye distribution and predicted distribution of excess 
temperature at section 8000 yd downstream from release point, under 
steady-state conditions, during ebb tide. 
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SECTION BETWEEN 17818 
1000 YARDS UPSTREAM 
Td.CD 
8 for Df, = 4 ' 
8for Dh = 6 ' 
8 forDh = 8 ' 
y =2.4 FT/DAY 
T, = 10 DAY"' 
Dd = 9 7 FT 
Oh - 3 6 x lO'BTU/DAY 






Fig. 10. Observed dye distribution and predicted distribution of excess 
temperature at section 1000 yd upstream from release point, under 





# 2 0 
1.0 
SECTION BETWEEN 19 8 20 
2000 YARDS UPSTREAM 
Td.tD 
8 for Dh = 4' 
8for Dh = 6' 
8 for Dh= 8' 
y -- 2.4 FT/DAY 
,, = 1.0 DAY" ' 
Dd = 9.7 FT 
Oh = 3.6 X 10' BTU/DAY 
Od = IO#/DAY 
- 5 
2000 
Fig. 11. Observed dye distribution and predicted distribution of excess 
temperature at section 2000 yd upstream from release point, under 






SECTION BETWEEN 218 22 
3000 YARDS UPSTREAM 
Td.ffl 
8 for Dh = 4 ' 
8for Dh = 6 ' 
8for Dh = 8 ' 
y -- 2.4 FT/DAY 
q = 10 DAY "' 
Dd = 9 7 F T 





5 0 0 1000 
YARDS 
2000 
Fig. 12. Observed dye distribution and predicted distribution of excess 
temperature at section 3000 yd upstream from release point, under 





SECTION BETWEEN 23 8 24 
4000 YARDS UPSTREAM 
— rd.co 
— 8for D h - 4 ' 
— 8for D h - 6 ' 
- efor Dh = 8 ' 
y ••2.4FT/DAY 
•7, = 1.0 DAY - ' 
Dd = 9,7 FT 
Oh = 3 6 x 10 'BTU/DAY 




Fig. 13« Observed dye distribution and predicted distribution of excess 
temperature at section 1+000 yd upstream from release point, under 
steady-state conditions, during flood tide. 
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# 2 6 
10 -
00 
1 1 1 
SECTION BETWEEN 25 8 26 
6000 YARDS UPSTREAM 
8 tor Dh = 4 ' 
8 for D h ' 6' 
8 for Dh = 8' 
y =2 4FT/DAY 
t; =10 DAY"' 
Dd=9 ,7FT 
O h ' 3 . 6 X 1 0 ' BTU/DAY 




Fig. ll+. Observed dye distribution and predicted distribution of excess 
temperature at section 6000 yd upstream from release point, under 
steady-state conditions, during flood tide. 
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SECTION BETWEEN 27 8 28 
8000 YARDS UPSTREAM 
Td,® 
efor Dh= 4 ' 
efor Dh= 6 ' 
efor Dh^^ 8 ' 
y =2,4 FT/DAY 
,, =1,0 DAY"' 
Dd =9.7 FT 
0h = 3.6x 10'BTU/DAY 
Od =IO#/DAY 
2 o 
— ! 1 1 F 1 
1500 2000 1000 
YARDS 
Fig. 15. Observed dye distribution and predicted distribution of excess 
temperature at section 8000 yd upstream from release point, under 
steady-state conditions, during flood tide. 
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Tlie r.onooni't'i-^'-at.ive proi-esricg of heal, loGS a t Lhe sur face 
Tlie conserva t ion of )irat, for a u n i t volimie a t t he sur face of a 
t i d a l e s t u a r y under n a t u r a l cond i t i ons may be w r i t t e n a s : 
^ ( ^ 3 ^ ) - ^ 5 ^ 1 ^ i j S - X j 
where q = heat contained in unit volume under natural conditions 
u. = horizontal velocity at a given point (x.,x,) at time t 
u, = vertical velocity at a given point (x ,x ) at time t 
K, . = the coefficient of eddy diffusion of heat (K = 0 when 
- J •'-J 
R = local time change in heat concentration due to processes 
of radiation, evaporation, and conduction of sensible heat. 
If heat is now added to the estuary by the discharge of con-
denser cooling water, (A-l) must be rewritten as follows: 
(A_2) - ^ = - 3 ^ (u.q ' ) - ̂  (u^q • ) + ̂  ( K. . ̂ 1 -
^ '̂  ht dx. ^ î n dx 5 n dx ^̂  ij dx J 
1 J/ -J- tJ 
dx^ M dxj ' 
where the "primes" now refer to the industrialized or heated estuary. 
It should be noted that (A-2) does not contain a source or sink term, 
as we are concerned with conditions at a distance removed from the 
condenser discharge or intake, and their inclusion is not pertinent 
to the present argument. 
Subtracting (A-l) from (A-2) we obtain 
36 
1 5 1 ^ J -" 
where q = q' - q and is the excess heat. In addition, the validity 
of (A-3) depends upon the eddy coefficients and velocity field being 
identical under natural conditions and conditions of added excess heat, 
as do equations (l) and (2) in the basic paper for dye and excess heat. 
Let us now examine the last term in (A-5), (R' - R ) - Both R' 
and R may be considered as gradients of quantities, f' and f, which 
are fluxes of heat passing through a unit surface perpendicular to 
the X-, (vertical) axis per unit time or 
(-̂ ) (-"•')^r"i-=^^e^ 
3 5 3 
Substituting (A-^ ) in (A-5) we obtain 
3 3 3 
It is now assumed that the heated effluent is discharged into 
the estuary and mixes by advection and diffusion between the surface 
(X^ = Ti) and a depth D^ (the plane x = 0 coincides with the mean tide 
level). The kinematic boundary condition requires that there be no 
flux due to advection or eddy diffusion through the top boundary. The 
terras f' and f involve processes which are primarily restricted to the 
near vicinity of the air-sea boundary. It may at some later point 
P I 
beoor.A necessary to make fiartlier aG;uiiii)ii. i.-n;; rf^'ard Ln?.'; dli 'fusic'n and 
uJvec t ion ai- t h e bottom boundai'y (x , - D, ) but Wn- tin' pn.'uent i t i s 
d e s i r e d to r e t a i n maximum p o s s i b l e /•...•iieral i l-̂ ,' in our rer.n.l.l;. The 
boundaa-y C'ndLtions iiuiy be t'xpi-ocr.r.d as 
Be (A-o) (K3 g-) = 0 
3 ̂  
(f - f)p = 0 
h 
In-;e:-:r;iting (A-5) from x = 0 to x = D and applying Leibniz 
rule together with (A-6) gives 
D, 
Tl ' % D̂  
- (n.q), + - ^ r K.. :^dx, 
''j D 'i>: . / I,] c.i;< . 5 
(i 1 = 1 P) ' " ' '1 J 
- (K.. ^ ) ^ + (K|^)^-(f - f) 
1,] dx. D, dx. 5ox,'D, ^ 't 
J h 1 3 h 
If w'=' now assume that our estuary J'S vertically homogeneous 
throughout the layers x, = T] and x^ = El , that is, u , q, and K. are 
not functions of y , (A-T) becomes 
"̂h a r ,„ l̂ , , , ^\ 
(A-8) IT [<J(\-^)] - (9)D, ST = - J : ["ii("h-"'] ^ (\i)n ST 
h i 
- (",^\ * 5J:{K,J i^ (D,-,)} 
\ h 1 - " 1 
"̂  J h 1 3 h 
Applying the equation of continuity to (A-8) gives 
38 
(A-9) (D,- ,) ̂  = - (D̂ - .) u, 1 ^ . (D,- ,) ̂  { K̂ j 3^^ ^ I K S \ 
+ (K̂  P-)^ - (f- f) 
3 Sxj Îh ^ iJ = 1,2 
Equation (A-9) merely states that the excess heat in our small volume 
of depth D - Tl Is changed locally by horizontal advection, horizontal 
diffusion, vertical diffusion through the bottom, and exchange of sen-
sible heat, radiation, and evaporation through the top. 
We may now express the last term on the right-hand side of 
(A-9) in temas of incoming and outgoing heat fluxes as follows: 
(A-10) (f-)^ = q^. q_ -̂  q̂ _ q̂ .̂ q̂ -̂_ q '_ q 
sr ^Zv ^ib 
(A-ll) (f)^ = q̂ - q̂ .̂̂  q_̂- q̂ _̂ q̂ _̂ q̂ _ ^^ 
where 
Incoming 
q = solar short wave radiation s 
incident on water surface 







reflected short wave solar 
radiation from water sur-
face 
reflected long wave radi-
ation from water surface 
long wave radiation from 
water surface 
amount of heat energy uti-
lized by evaporation 
heat energy conducted from 
surface as sensible heat 
39 
Tlie q's represent heat flux through a unit surface pei- unit time. The 
"primes" in (A-IO) and (A-ll) again refer to the heated estuary. Note 
that the first four terms on the iMf.ht side of (A-ll) are the same as 
the corresponding terms in (A-10). 
Substituting (A-IO) and (A-ll) in (A-9) we obtain 
(A-X2) ^-^lf^^J7{'^ij%}^^(S%),^ 
h M 
It can be shown that (q'»-[̂ - Ipv.) '̂̂'̂  (q' - q ) can be expressed 
as functions of the temperature difference between heated and natural 
conditions and (q' - q ) as a function of the vapor pressure difference 
or 
(A-13) [(q,^-- q^) + (q,'- q,) ^ (q,'" %)]^=1-10 (V^n^^^^-O W(e^-e^) 
+ 0.132 W(T. -T ) 
h n 
where T = water temperature in degrees F under conditions of added 
h 
-̂ xcess heat 
T = water temperature in degrees F under natural conditions 
n 
W = wind speed in mph at an elevation of 26 ft 
e = vapor pressure of saturated air at temperature T^, in 
inches of Hg 
e = vapor pressure of saturated air at temperature T , in 
n " 
inches of Hg . 
(A-13) may be simplified if we approximate the vapor pressure difference 
(Q - p ) by the following expression: 
^ h 'n 
ko 
(A-lM (eh-eJ=P(VTj 
where p is assumed to be a constant. The effect of this assumption 
will be examined later. Upon combining (A-12), (A-13), and (A-li4-), 
we obtain 
(A-15) ̂  = - ̂  ̂  -̂  ̂  1 ̂ij ̂ 1 -̂  T\^ ^S ^ \ 
where | = 1.10 -i- 13.0 pw + 0.132 W 
9 = T^- T = q/pc 
h n ' 
p = density 
c = specific heat. 
Finally, if we replace /̂pc by 7 and II - -q by D , (A-I5) gives 
(A-16) St = - ^ a r -̂  d^ 1 ^ij ^ / -̂  F ^S a^^D, • t 
1 i ^ - j - * h 3 h h 
i,J = 1,2 
Let us consider for the moment just the term in (A-I6) which 
represents loss of excess heat to the atmosphere at the air-sea bound-
ary per unit time (i.e., cooling). We can write 
U-IT) [If] y9 
cooling h 
If It is assumed that D and 7 are not functions of time, (A-l?) is 
integrable over a time period t, and gives 
(A-18) ê  = 9^ exp (- L- t) 
h 
1+1 
where 0 = value of excess temperature at time t 
9 = initial value of excess temperature . 
(A-18) may also be written as 
(A-19) rjt) =r^(o) exp (- L^t) 
Thus it is seen that the effect of cooling is an exponential decrease 
in excess temperature or heat with time, subject to the boundary con-
ditions and assumptions applied. It should be noted that D is not a 
h 
function of time but may be a function of x̂  and x for the model 
selected. 
Table 1 shows values of 7 computed for wind velocities of 5 mph 
Table 1 
7 ( f t hr ) a s a funct ion of wind v e l o c i t y , and of T and T 
h n 
^h 
'̂ n 70 75 80 85 90 95 100 
65° 0.052 0.0514- 0.056 0.059 0.060 0.063 0.067 
70° — - 0,057 0,059 0.060 0.063 0.067 0.070 
75° —_ -— 0.060 0.063 0.065 0.068 0.071 
,0 80 0.065 0.068 0.071 0.075 
65 0.086 0.091 0.091+ 0.100 0.105 0.111 0.117 
a 70° —- 0.097 0.098 0.105 0.108 O.llU 0.121 
o 
„ 75" — -— O.lOl^ 0.108 0.113 0.119 0.125 
^ o 
80 — - --- — - 0,113 0.119 0.125 0.132 
k2 
and 10 mph using the values of P deteimined by the various values of 
(T - T ). Earlier it was assumed that (e - e ) varies linearly with 
^ h n' n n 
(T T )• It was to evaluate the effect of this assumption (p constant), 
^ h n' 
that 7 was computed. It is seen that for any given T^ the variation 
in 7 with T , or 0, over a range of 35 F is equivalent to the variation 
h 
in 7 which would be produced by a wind variation of 2 mph. Since it 
is doubtful whether W can be estimated to ±2 mph with any certainty, 
it is considered sufficient to assimie j constant for any given applica-
tion. 
To summarize, equation (A-l6) has been developed; it describes 
the local rate of change of excess temperature In terms of the physical 
processes of advection and diffusion and the process of cooling. The 
cooling process leads to an exponential decrease in excess temperature 
with time, which is described by equation (A-18) or (A-19). The form 
of the relationship shown in equation (A-18) or (A-19) has previously 
been proposed by Gameson et al (1959)*. They report experimentally 
determined values of 7 ranging from 2.6 cm hr" for a streajti to 3.7 
cm hr for the Thames estuary under various weather conditions. In 
our units, these correspond to values of O.O9 to 0.12 ft hr , re-
spectively, 
* Gameson, A.L.H., J,W. Gibbs, and M.J. Barrett (1959) A preliminary 
temperature survey of a heated river: Water and Water Engineering, 
January 1959; reprint no. 336 from Water Pollution Research Labora-
tory, Stevenage, Herts., England. 
H5 
Derivation of equation (1+) 
Let h (t) = concentration of excess heat of a moving infinitesimal 
C 
voliune of depth D and unit cross-sectional area, at 
time t after release of a single infinitesimal source 
of strength m, under conditions when both the physical 
processes of dispersion and heat losses due to cooling 
are taken into account 
h (t) = concentration of excess heat of a moving infinitesimal 
volume of unit cross-sectional area and depth D , at 
time t after release of a single infinitesimal source 
of strength m, under conditions of no heat loss due 
to cooling (i.e., only the physical process of dis-
persion acts to change the concentration of excess 
heat) 
= the rate of release of excess heat from a continuous 
source which is thought of as being composed of a 
% 
large number of instantaneous releases of strength 
m at the rate N day 
The budget of excess heat at position x for a single release 
of strength m for our small volume is Identical with (A-16) if we 
replace 9 by h^(t). Thus 
Sh (t) Sh (t) ^ f ah(t)^ r ah (t)l 
7h (t) 
h 
subject, of course, to the same assum.ptlons and boundary conditions as 
kk 
before. 
Similarly, we can write 
ah^(t) ah^(t) ^ r Sh^(t). 1 r ahjt) . 
(A-21) - I t - ^ - \ - ^ '' ^ 1 ^ij ~ s ~ J s;; I 3 " ^ J i ^ h 
i,J = 1,2 
By inspection of (A-20) and (A-2l), h^(t) and h^(t) are related 
by 
(A-22) h (t) = h^(t) exp (- ^ t) 
C O u^ 
If we now multiply ( A - 2 0 ) by Ndt where N = \M> and integrate 
from t = O to time t , we obtain 
^ ah ( t ) . ^ ah ( t ) 
(A-25) Nhjt) = - J Nu. - 1 ^ ̂ ^^^J ^ i j - i r - ^̂  
° t ^ ° t 
o o 
If (A-16) IS now expressed in terms of r,('t) (due to a continuous source 
QL) instead of 9 and compared term for term with (A-23), it can readily 
be seen that they are identical if 
t 
(A-21+) f Eh^(t)dt = r^(t) 
o 
and if K.J, K.,, and u. are not functions of time. That is, a continuous 
source may be considered to be a superposition of Instantaneous releases 
of strength m at the rate N, subject to (A-21+) and the lack of time 
dependence of the eddy coefficients and the horizontal velocity field. 
Tills latter restriction Is not too critical if one considers that in 
'•5 
t̂ io basic ro'.baet ien of the ''00000'r,n tii'U data, ('<ini-"ntrnt1eni; measured 
at aprfoxJjTiately identical phases of the tide are utilized. 
Differentiating (A-P-'J ) with reaiî el to t, we obtain 
,A--) Nli(t) 
c 






(A-T) Nh^(t) = -i^^2__ 
Combining (A-22), ( A - ? 5 ) , and (A-27) we obtain 
ar, (t) dr (t) h (t) ar ̂ (t) 
/, ̂ n\ - = ^\° — • S . = ^' ' exp (- ̂  t) 
o h 
which is the required equatlf'n ('(). 



